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vSummary
This thesis describes the development of an elastic path controller for assistive robotic de-
vices. This controller combines the functionalities of path tracking and modification of
trajectory. It is able to compensate for changes in the environment such as when there
is a new obstacle or there are errors in position sensing. The controller is tested on two
such devices: the Cobot (Collaborative Robot) invented in the Laboratory for Intelli-
gent Mechanical Systems (LIMS), Northwestern University and a Collaborative Wheelchair
Assistant developed in the Control and Mechatronics Laboratory, National University of
Singapore.
Cobots are robotic devices intended for direct interaction with a human worker. It is
passive, i.e. it will not move without power provided by the user, and is thus intrinsically
safe. It potentially is well-suited to safety-critical tasks such as computer-assisted surgery,
or to tasks where conventional robots would be too dangerous for direct contact with a
person, such as automobile assembly [1]. Cobots operate in two modes: a “free mode”
and a “guided mode”. In free mode, the cobot is free to move without constraints while
in guided mode, the cobots are constrained to move along pre-defined paths to facilitate
maneuvering. Cobots implement these pre-defined paths via software.
The Collaborative Wheelchair Assistant (CWA) is another assistive device designed to give
the user freedom of movement. Users can decide when, where and how he/she wants to
move according to his/her needs and users operate the wheelchair in a collaborative fashion.
It is based on a commercial wheelchair with minimal extra sensors added. The CWA
also implements “software-defined” path constraints (similar to the cobots) to facilitate
operation of the wheelchair.
To realize a more effective collaboration between the user and the assistive robotic devices,
vi
we design an elastic path controller for the devices. As the name “elastic path controller”
implies, it gives users more freedom when they work with the robotic devices. The elastic
path controller not only supplies a “guiding” path, it also let the users have the autonomy
to modify this guiding path dynamically. In this way, the elastic path controller integrates
the functions of path following and obstacle avoidance. The system makes use of the
inference ability of humans to complete the obstacle avoidance task easily without the need
for expensive obstacle detectors. When the device is working in the constraint mode, it will
follow the pre-defined guiding path. If the user sees the obstacle along the path, he/she can
decide to activate the elastic mode to avoid the possible collision.
The elastic path controller is tested in simulations on the CWA and Scooter cobot and
implemented on the Scooter cobot at LIMS, Northwestern University. The simulations are
done in the simulation environment written in MATLAB. The experiments on the Scooter
cobot demonstrated that users can learn to use this novel tool in order to modify and design
guiding paths in a relatively simple way. The results also suggest that the users may feel
the attraction from the guiding path which help them to maneuver the cobot.
vii
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1Chapter 1
Introduction
COBOT (for Collaborative Robot) was invented by Edward Colgate and Michael Peshkin
from Northwestern University. “Cobots” are intended for direct interaction with a human
worker, handling a shared payload [3]. Cobot is a device activated by operator’s movement
such as pushing or pulling(Figure 1.1). It is passive, i.e. will not move without power
provided by the user, and is thus intrinsically safe.
Figure 1.1. Industrial prototype of the Scooter cobot used at General Motors [6]
Cobots interact with people by producing software-defined“virtual surfaces” which constrain
and guide the motion of the shared payload. Ergonomic as well as productivity benefits
2result from combining the strength of the cobot with the sensing and dexterity of the
human worker [3]. Cobot can follow a pre-defined path stored in the outfitted computer
using a “Path following” control. Path following drives an object along a geometric path
without a timing law assigned to it. Path following is a useful motion control approach
when maneuvering mobile robots from one area to another[4]. Since cobot depends less on
the sensors or other localization devices from which the moving error usually comes, it is
supposed to complete the task with a higher efficiency and accuracy.
Figure 1.2. Scooter cobot at LIMS, Northwestern University
The Scooter cobot on which experiments have been performed for this thesis is a mobile
platform moving in the two-dimensional plane: (x, y, θ)(Figure 1.2). This prototype was
conceived to facilitate the placement/removing of car doors in the assembly line [5].
Cobots have two basic motion modes: free mode (FM) and guided mode (GM). In free
mode, the cobot behaves like a chair with casters. In guided mode it is constrained along a
virtual guideway which is defined in software. Eng Seng et al. could show in experiments
[14] that less effort is required to move in guided than in free motion. Further, movements
in GM are faster, smoother, and require less back and forth correction than in FM. Simple
3and efficient methods to define ergonomic guiding paths were also developed in [10].
A problem arises with guided motion when an obstacle or a person is standing on the guiding
path, the obstacle had to be removed before the cobot can proceed on. A solution to this
problem may be to provide the operator means to avoid obstacles. In common mobile
robotics, obstacle avoidance is achieved by using sensors and heavy sensor processing to
detect the obstacles, and by modifying the path planning correspondingly. However, cobots
work with a human operator who is equipped with natural sensors and powerful sensor
processing, in particular vision. Our idea is thus to provide the operator an Elastic Path
Controller with which he or she can avoid obstacles, by pushing the cobot when he or she
detects the obstacle.
We envision that with this Elastic Path Controller (EPC) the cobot can follow the pre-
defined guiding path when no obstacle is detected and the operator wants to keep moving.
The EPC enables the operator to deform the guiding path when the obstacle is detected,
and bring the cobot back to the guiding path when the obstacle is passed. Using it, the
user will be able to go through narrow passages, what may be difficult and even dangerous
with autonomous navigation systems if odometry is not sufficiently accurate. The user can
use his own judgement to perform necessary correction during movement.
A collaborative wheelchair is developed at NUS[9], which uses virtual guideways to
help disabled to maneuver their wheelchair according to their needs. Our Collaborative
Wheelchair Assistant (CWA) was built on a commercial wheelchair YAMAHA JW-1 (Figure
1.3). Previous attempts with robotic wheelchairs have shown that disabled are generally not
satisfied with fully autonomous wheelchairs. Despite heavy computation to recognize the
environment and perform motion planning, an automatic wheelchair frustrates the disabled
from their freedom to control the motion, to stop for observing something or to chat with
a friend.
This thesis develops such an Elastic Path Controller and tests it in simulations and in
4Figure 1.3. Collaborative Wheelchair Assistant at the National University of Singapore
experiments performed on the Scooter cobot(Figure 1.2) and the Collaborative Wheelchair
Assistant. The CWA[9] has an unicycle-type kinematics. The Scooter is a triangular vehicle
moving on a plane, with a steerable wheel at each corner. However for simplicity a two-
steering-type vehicle kinematics model was adopted to control two of three steering wheels
in our experiments, and the third wheel was controlled to go through the intersection formed
by axes of two steering wheels.
Simulations have been performed to develop and test the EPC. Unicycle and two-steering-
wheels type kinematics corresponding to the CWA and Scooter were considered. The sim-
ulation environment consisted of a joystick connected to a computer with graphical user
interface controlled by a MATLAB program. Several controllers were tested for each kine-
matics model, including the feedback linearization based controller proposed by Samson
[15, 19, 17] and a nonlinear Lyapunov-oriented controller from Micaelli and Samson [16, 18]
in 1993. These controllers were adapted to realize the elastic characteristic.
Experiments have been performed on the Scooter to investigate the performance of the
elastic path controller, using the feedback linearization based version. One experiment
5investigated whether and how the users can train the cobot to avoid obstacles using the
EPC, and examined its efficiency and accuracy. Another experiment investigated which
strategies the users use to work with the EPC. The results suggest that the EPC is easy to
learn and an efficient mean of modifying the desired path for collaborative robots.
The kinematics and the elastic path planners for the CWA and Scooter cobot are described
in chapters 2 and 4. Simulation of the elastic path controller are presented in Chapter 5.
Chapter 6 presents experiments performed on the Scooter Cobot to investigate performance





In this chapter, a review of past research projects about robotics wheelchair which have been
applied to assist people with disabilities has been introduced. Furthermore, the kinematics
model of our wheelchair platform and its path controller has been derived.
2.1 Research on Robotic Wheelchairs
A person’s control of his/her personal space is an important component of human
dignity and the quality of life [20].
Robotics technology has been applied to assist people with disabilities. Robotics wheelchair
is an important part in this broad field.
Figure 2.1 shows the block diagram of a standard powered wheelchair. The user interacts
with the wheelchair using an access method such as joystick or sip-and-puff system. The
commands given through the access method are passed to the wheelchair controller as motor
commands consisting of a direction component and a speed component.
Research in the field of robotic wheelchairs seeks to address issues such as safe navigation,
splitting control between the user and the wheelchair, and creating systems that will be us-
able by the target population. Robotic wheelchairs are usually built with standard powered
7Figure 2.1. Block diagram of a standard powered wheelchair.
wheelchairs for their bases as the research focus is not on improving the mechanical design
of the standard powered wheelchair. [22] presents a literature review covering many aspects
of powered mobility and [23] discusses issues for engineering both powered and manual
wheelchairs.
Figure 2.2 shows the block diagram of common autonomous wheelchair systems. The user
gives commands to the user interface using an access method. The command from the user
interface is passed to the navigation system along with sensor readings and information
from the vision system. Sensor readings are also used for mode detection, which determines
the proper navigation code to use for the current environment. The navigation system
computes the correct motor commands and passes them to the motor control.
The OMNI project[24, 26, 27, 25] uses a custom-designed omnidirectional wheelchair as its
base. Some ultrasonic and infrared sensors provide assistance through obstacle avoidance,
wall following and door passage. The wheelchair can rotate around its center point, allowing
it to move in tighter spaces than a standard powered wheelchair base.
Another custom designed omnidirectional wheelchair was built in the Mechanical Engineer-
ing department at MIT[28]. Semi-autonomous control and autonomous control were assisted
by ultrasonic sensors. Horseback riding strategy was used in semi-autonomous control. A
8Figure 2.2. Block diagram of control of common prototypes of autonomous wheelchairs.
9horse will follow its rider’s commands, but not if they put the horse in danger.
A system built by Connell[29] also follows a horseback riding analogy. The user would sit
on a chair on a mobile robot base. A joystick was used for driving the system. A bank of
toggle switches were used to turn on or off the ability of the robot to perform some tasks
autonomously. These behaviors include obstacle avoidance, hallway traversal, turning at
doors and following other moving objects. The robot is equipped with ultrasonic, infrared
and bump sensors.
An autonomous robotic wheelchair was developed at Arizona State University[30]. The
purpose of the system was to transport its user to a specified room in a building using a map
of the environment. The wheelchair has been equipped with an on-board microcomputer,
a digital camera, and a scanning ultrasonic rangefinder for obstacle avoidance. The system
used only a restricted amount of vision processing to locate and verify known objects such
as room numbers, look at elevator lights and keep the wheelchair centered in the hallway.
Wheelesley[32] project is based on the platform built by KISS Institute for Practical Robotics.
Wheelesley consists of an electric wheelchair outfitted with a computer and infrared, bump
and ultrasonic sensors and a laptop that is used for the user interface. The user interface
developed allows the user to operate in three modes: manual, joystick and user interface. In
manual mode, the wheelchair functions as a normal electric wheelchair. In joystick mode,
the user issues directional command through the joystick while the robot will avoid objects
in the requested path. In user interface mode, the user interacts with the robot solely
through the user interface. The robot can travel semi-autonomously in an indoor environ-
ment. This allows the user to issue general directional commands and to rely upon the
robot to carry out the low level routines such as object avoidance and wall following.
Hephaestus, the greek god of fire, craftsmen and smiths was the only Olympian with a
disability. To compensate for his disability Hephaestus built two robots, one silver and
one gold, to transport him. The Hephaestus Smart Wheelchair System[34] aims to be a
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navigation assistant that can be added to any powered wheelchair. The system would be
installed between the wheelchair’s joystick and motor controller. The first prototype has
been tried with one powered wheelchair base.
The NavChair navigates in indoor office environments using ultrasonic sensors, and an
interface module interposed between the joystick and power module of the wheelchair.
The NavChair has three operating modes: general obstacle avoidance, door passage, and
automatic wall following. The system can select a mode automatically based on the
environment[36]. The NavChair has application to the development and testing of“shared
control” systems where a human and machine share control of a system and the machine
can automatically adapt to human behaviors.
Senario[38, 39]can be operated in a semi-autonomous or fully autonomous mode. In semi-
autonomous mode, the system accepts commands through a voice-activated or joystick
interface and supports robot motion with obstacle/collision avoidance features. Fully au-
tonomous mode is a superset of semi-autonomous mode with the additional ability to
execute autonomously high-level go-to-goal commands. The user can override in semi-
autonomous mode. The wheelchair will stop moving if an emergency situation is detected.
The system uses 13 ultrasonic sensors, split into navigation sensors and protection sensors.
Two encoders provide a rough orientation estimate. Two infrared range finders mounted at
192cm (above the user’s head) are also used for calculating positioning information.
A deictic navigation system has been developed for shared control of a robotic wheelchair[40].
Shared control approach divides task responsibilities between the user(high level) and the
robot(low level). The user of the wheelchair tells the robot where to go by clicking on a
landmark in the screen image from the robot’s camera and by setting parameters for mo-
tion, where the target should be at the end of motion, what the distance between the robot
and the target at the end of the motion and the desired speed in a computer window. The
robot then extracts the region around the mouse click to determine to which landmark the
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user wishes to travel. It then uses the parameters to plan and execute the route to the
landmark.
Wakaumi[41]developed a robotic wheelchair that drove along a magnetic ferrite marker lane.
A magnetic lane is preferable to other nonmagnetic materials due to its ability to continue
to work in the presence of dirt on the line. Two infrared sensors in front of the wheelchair
have been added for obstacle detection. This type of system is useful for a nursing home
environment to allow people to drive around without the need for being pushed by a care
giver.
A wheelchair developed at Notre Dame[42] provides task-level supervisory control; the user
can select the nominal speed, stop and select a new destination or stop and take over
control. The system is taught ’reference paths’ during set up which are stored in memory.
Visual assistance from two cameras are used to correct errors. The system does not include
obstacle avoidance function. If an obstacle is put on the path, the operator needs to take
over control to maneuver around it and can then pass control back to the system.
The VAHM project[43, 44] operates in an assisted manual mode and an automatic mode.
The philosophy of this project is the person supervises the robot in automatic mode, overrid-
ing robotic commands that are unwanted, and the robot supervisees the person in assisted
manual mode, overriding commands that put the user in danger.
The Intelligent Wheelchair Project[45] is developed at University of Texas. The wheelchair
is enabled with active vision and other sensing modes, spatial knowledge representation and
reasoning. The environment is learned through local observations. The system uses stereo
color vision, in addition to ultrasonic and infrared sensors to assist movement.
A pushrim-activated power-assisted wheelchair (PAPAW) that use a combination of human
power and electric power has been developed[46, 47]. The human power is delivered by the
arms through the pushrims while the electric power is delivered by a battery through two
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electric motors. The peak torque used to push the rim was significantly reduced. Intuitive
control reduces the strain on the upper extremities commonly associated with secondary
disabling conditions among manual wheelchair users.
2.2 Definition of the Collaborative Wheelchair Assistant
The Collaborative Wheelchair Assistant (CWA) implements path constraints to facilitate
manoeuvering of a wheelchair. The current prototype is based on a commercial wheelchair
with a laptop providing control and a graphical user interface. This platform enables devel-
opment of human-machine interface strategies[9], in particular the elastic path controller,
which will enable operators to deform the desired path and so avoid obstacles and modify
the path when necessary. These path modifications are controlled by the user via some
interface, currently a joystick, so rely on the capabilities of the user and do not require ex-
ternal sensors or sensor processing. Figure 2.3 is the block diagram of this new application
of cobot.
While the members of the target community may have different disabilities, we assume
that they have some common abilities. We expect that any potential user can see and give
high-level commands to the wheelchair through some access method. We also assume that
potential users have the cognitive ability to learn to operate the system. Finally we require
that the system be able to navigate in indoor and outdoor environments.
2.3 Kinematics
2.3.1 Kinematics model of a moving point
Following the exposition of [18], we will first look at the kinematics model of a moving
point, corresponding to Figure 2.4.
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Figure 2.3. Block diagram of Collaborative Wheelchair Assistant. The user gives movement commands
to the wheelchair through an access method. The signals from the access method are passed to user
interface. Information from User Interface, Positioning Sensors Readings and Mode Detection dictated
by the user will help the navigation system to give the correct commands which will be translated into
motor commands that are passed to the motor controller.
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Definition 2.3.1. M is a point which is moving to the curve C defined in the Frenet frame
T . The point P is the orthogonal projection of the point M onto the curve C. And O is
the origin of the global frame R.
Figure 2.4. Frames and Notations.










































s, y: Curvilinear coordinate of a point (M) along the guiding path and its normal distance
θc: The angle of the tangent to the guiding path relative to the fixed frame (x,y)
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+ ~wc ×−−→PM : The velocity of point M to the frame(T )






: time derivation w.r.t the frame(R), cc(s) is the path’s curvature at frame(T ).
Then the system equations of a point relative to a given curve are (For details, please refer
to Appendix A):
















: The velocities of the point along the abscissa and ordinate of the fixed frame (x, y).
This set of equations can also be regarded as the transformation relationship from frame(R)
to frame(T ) of a point.
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2.3.2 Kinematics model of Collaborative Wheelchair Assistant
Our wheelchair platform has two actuated wheels on a common axis and the reference point
M at mid-distance of these two wheels (see Figure 2.5), so the kinematic equations of this
unicycle-type vehicle are as follows:














v: The moving speed of CWA in the direction of normal to its common axis
θ˙m: The orientation of the CWA w.r.t the fixed frame (x, y).
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From the above two functions, we have the following expression of unicycle expressed in coordinate
{s, y}:

s˙ = v cos(θm − θc)/(1− ccy)
y˙ = v sin(θm − θc)
θ˙m = w
(2.3.5)
For simplicity, we make θ = θm − θc, so we have the kinematics function of CWA expressed as:

s˙ = v cos θ/(1− ccy)




The control variable chosen for this system is the angular velocity w. To derive the control variable
w, modify the kinematics model of unicycle-type vehicle in terms of the distance travelled by the
vehicle along the desired path instead of the time-index t. After easy calculation, we get the expres-





y′ = tan θ(1− ccy)sign(v cos θ1− ccy )
θ′ =
w|1− ccy|




The control objective is to stabilize the output y to zero. Since the control does not explicitly appear
in the expression of y′, a second derivation is needed. After lengthy but straight calculation,we can




(1− ccy)2 − cc(1− ccy)1 + sin
2 θ
cos2 θ
− gcy tan θ (2.4.2)
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1− ccy + cc(1 + sin






y′′ = u (2.4.4)
The auxiliary control u must be calculated so as to fall upon a stable closed-loop system. Here we
choose the following PD control law:




The idea of the Elastic Path is to deform the actual path by pushing it perpendicular to the guiding
path. You can think of the actual path as a rubber string. The shape of rubber band will be changed
when the user give a force perpendicular to it. When the user releases the force, the rubber band
will recover to its original shape. Boy et al. developed an elastic path controller which directs the
cobot by generating a path curvature necessary to track the ideal path and transforms it from the
task space to the wheel space[10]. The individual wheels will then steer to realize this curvature.
Unfortunately this controller has a singularity when the tangent vector is normal to the guiding path.
This condition does not occur frequently in normal following mode, but can be encountered easily
and frequently in elastic path mode. Therefore, the development of a singularity-free Elastic Path
Controller (EPC) becomes necessary. In this chapter, such a brand new EPC will be introduced.
In our project, the cobot can move on such shape-alterable path when the user activates the elastic
mode by pushing or pulling the cobot in order to escape from the guiding path.
3.1 Design requirements
The Elastic Path Controller should meet following requirements:
• In guiding mode the cobot will track the guiding path.
• The EPC enables cobots to deviate from the guiding path according to inputs given by the
operator through an interface, such that the deviation is a monotonic function of the input.
This means that an input of larger magnitude will lead to larger deviation.
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• To avoid undesired deviation from the path, the elastic mode will be activated only when the
input from the operator is above a threshold.
• No maximum diviation from the guiding path is specified by the EPC, hence allowing the user
to deviate a large amount if necessary, for example to avoid a large obstacle.
• However the ability to deform the path will decrease with the distance to the guiding path,
such that the user should not deviate more than necessary from the guiding path and be able
to feel a gradient in the direction of this path.
3.2 Elastic Path Controller for the Collaborative Wheelchair
Corresponding to these needs, we propose modifying the control law of Equation 2.4.5 as follows:




; kpy > 0, kvy > 0 (3.2.1)
where F⊥ is a function of the input normal to the desired path, as described in Figures 3.1 and
3.2. We use here input but not force because Collaborative Wheelchair Assistant uses a joystick as
control interface. The input used in the elastic mode is orientation displacement measured by the
joystick. As we will see in next chapter, the scooter cobot uses force/torque as input.
In the first method (Fig. 3.1), the input normal to the current direction of the cobot is used to
compute F⊥. The user can deform the path independently on the cobot’s orientation, as long as
he or she is using enough force. With the second method (Fig. 3.2), the normal input relative to
the current cobot direction is projected onto the normal to the guiding path. This prevents a large
change of orientation relative to the guiding path and limits it to 90o. If the normal to the guiding
path would be used directly, the deformation would be larger when the cobot is normal to the path
than when it is almost parallel to it. Therefore the user may not feel where the guiding path is.
In Equation 3.2.1, the elasticity term is composed of the constant elasticity parameter α and F⊥
which is a function of the normal input signal. To realize the conditions listed under section 3.1 we
use an elastic factor α computed as follows:
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Figure 3.1. Input normal to the current cobot’s direction used as to deviate from the prescribed path.
Figure 3.2. Projection of normal input (relative to a local cobot frame) on the normal to the guiding



















where α is an elastic factor which weighs the influence of the user’s input F⊥ on the control, F⊥ is
the normal input/force to steer the elastic mode, Fm is the maximal normal input/force, DCP is the
distance between the cobot and the desired path and Dm is the maximum distance.
To make sure the cobot always can follow the guiding path even in elastic mode, we set an upper
limit of the elastic factor at 0.9. A lower limit of elastic factor set at 0.1 insures that the user can
deform the trajectory even when the normal distance is large. This is realized through the function
[·]µν ≡ min{max{ν, ·}, µ}. I{F⊥>5N} (where I{condition} is the Kronecker function equal to 1 when
the condition is fulfilled and 0 otherwise) ensures that no deformation occurs for {|F⊥| < 5N}.
Figure 3.3. Elastic Factor as a function of the elastic force and distance to the guiding path.
Figure 3.3 displays the elastic factor α as a function of F⊥ and distance y. A threshold of ±5N is











1− ccy + cc(1 + sin
2 θ) + gcy
cos θ sin θ
1− ccy
]
u = −(1− α)(kpyy + kvyy′)− αF⊥
(3.2.3)







1− ccy (gc sin θ − (1− α)kpy cos θ) + sin θ
[




1− ccy + cc
}
(3.2.4)
So the closed-loop system with elastic function is:

s˙ = v cos θ/(1− ccy)
y˙ = v sin θ




1− ccy (gc sin θ − (1− α)kpy cos θ) + sin θ
[
cc sin θ − · · ·






Figure 3.4 is the block diagram of the whole system with elastic characteristic combined.
3.3 Discussion
We have designed an Elastic Path Controller for the wheelchair cobot, which fulfills the requirements
listed in Section 3.1:
• The cobot will track the guiding path in guided mode as the elastic path controller is reduced
to a path following controller when no elasticity is used.
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Figure 3.4. Block diagram of Elastic path controller for Collaborative Wheelchair
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• Inputs normal to the cobot’s path force the linear control to alter its original tracking of
the guiding path and deform the trajectory as desired by the user. As the inputs from the
operator influence the control following a monotonic rule of the distance to the path, a larger
input will be lead to a larger deviation. Please refer to Section 5.1 and Figure 3.3 for details.
• A threshold avoids undesired deviation triggered by unvolunteer input by the operator from
eliciting undesired deviation.
• The distance away from the guiding path is not limited by the EPC. However the influence
of the normal input signal decreases with the distance to the guiding path. This should help
the user to avoid deviating too much from the guiding path and returning to it as soon as the





The Scooter(Figure 4.1) is a triangular vehicle moving on a plane with a steerable wheel at each
corner. In Free Mode(FM) each wheel turns like a caster to align with the force exerted by the
operator and behaves as if it had 3 DOF (i.e. planar position and orientation). Operator’s force is
measured by a force-sensor mounted on the handle. In Guided Mode(GM) and Elastic Mode(EM),
each wheel is steered by a motor to follow a guiding path coded in software. The Scooter velocity and
position are measured using three glide wheels, which are plastic wheels with an encoder mounted
at fixed angles of the Scooter Cobot. Encoders measure the rotation of each wheel. The Scooter is
controlled by a Pentium Pro 200 MHz 80 MBRAM PC computer operating under QNX system. All
programs are written in C language.
The Scooter cobot was developed by Witaya Wannasuphoprasit at the Laboratory for Intelligent
Mechanical Systems(LIMS), Northwestern University as a platform to do research on cobots. Eric
Faulring converted it into a warehousing “Pallet Jack Cobot” by mounting a freely pivoting handle
equipped with an encoder, in order to facilitate smooth transition between free and constrained
modes[48].
In contrast to the wheelchair (or unicycle), the Scooter can use the three degrees of freedom (x, y, θ)
of planar motion. In guided mode, it is reducing these three degrees of freedom to only one degree
of freedom.
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Figure 4.1. Scooter cobot
4.2 Kinematics
We follow the derivation of kinematics and path control of [18]. Figure 4.2 shows a geometric model
of two-steering type mobile robot. The wheel’s orientation angles are denoted as α and β. The
distance between the two wheels is equal to l. As long as the steering wheels are not parallel,
the instantaneous motion of the vehicle’s body is a pure rotation about the point ICR, termed
Instantaneous Center of Rotation, located at the intersection of the wheel’s axes.
The kinematics model of Scooter cobot can be simplified and modified as the two-steering type vehicle
when only two wheels among three are considered as the steering wheels. A low-level controller aligns
the third wheel to the intersection of the two steering wheels. The cobot position and orientation
are described relative to a frame consisting of a curvilinear coordinate s along the guiding path, its
normal l and the angle θm relative to a fixed frame (x, y):

s˙ = v cos(θm − θc + α)/(1− ccy)




Figure 4.2. Kinematics Model of Scooter cobot
α denotes the orientation of the front wheel relative to the line through the two steering wheels,
σ the reciprocal of the length from the leading wheel to the intersection of the normals to the two
steering wheels, v =
√
x˙2 + y˙2 is the translational speed, cc the guiding path’s curvature, and θc the
angle of the tangent to the guiding path relative to (x, y).
4.3 Derivation of control variable
Following the same derivation of the unicycle, the kinematics model of two-steering type vehicle can















∣∣∣∣ 1− ccycos(θ + α)
∣∣∣∣ sign(v)− ccsign [v cos(θ + α)1− ccy
] (4.3.1)
In this case, we choose two control variables α and σ to linearize the equations of two system
outputs,chosen as y and θ˜. (θ˜ ≡ θm−θc−θd represents the orientation error, where θd is the desired










− cc(1− ccy)1 + sin
2(θ + α)
cos2(θ + α)




v cos2(θ + α)
− (gc + gd)− σ 1− ccycos(θ + α)
{
cos(θ + α)
1− ccy y [gc cos(θ + α) + · · ·
+kpy sin(θ + α)] + sin(θ + α)
[
cc cos(θ + α) + kvy sin(θ + α)sign
[
v cos(θ + α)
1− ccy
]]} (4.3.3)








1− ccy + cc[1 + sin
2(θ + α)] + · · ·
+gcy













1− ccy y[gc cos(θ + α) + kpy sin(θ + α)] + · · ·
+sin(θ + α)
[
cc cos(θ + α) + kvy sin(θ + α)sign
[




Now choosing the auxiliary control variables uy and uθ as:
uy = −kpyy − kvyy′ (4.3.5)
uθ = −kpθ θ˜ − kvθ θ˜′ (4.3.6)
4.4 Elastic path controller
To realize the elastic mode, we modify the control variables as follows:
uye = −(1− α1)( kpyy + kvyy′︸ ︷︷ ︸
restoring force
)− α1F⊥︸ ︷︷ ︸
input force
; kpy > 0, kvy > 0 (4.4.1)




; kpθ > 0, kvθ > 0 (4.4.2)
The scooter has two linear controls because of its two-steering type kinematics. F⊥ and τ in Equation
4.4.1 and 4.4.2 are the force and torque used to activate elastic mode respectively. F⊥ is similar to
the one defined for CWA in section 3.2. τ is a circular torque to enable the elasticity of scooter in
rotary.
The elastic factor α1 in Equation 4.4.1 is computed as in Equation ??. The elastic factor α2 for
torque τ in Equation 4.4.2 is computed in a similar way, as:
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α2 =
(τ/τm)2 − (DCP /Dm)2
2
+ 0.5 (4.4.3)
where α2 is the rotary elastic factor weighting the influence of input τ on the restoring force/torque,
τ is the input/torque to steer the elastic mode in rotary, τm is the maximum input/torque, DCP is
the distance between the cobot and the desired path, and Dm is the maximum distance.
Figure 4.3. Relationship among Elastic Factor in rotary, Torque and Distance
Figure 4.3 displays the relationship between the elastic factor α2, torque τ and normal distance y.
We set an upper limit of the elastic factor α2 of 0.9 and a lower limit of 0.1. A threshold of ±5Nm
is implemented on τ to avoid unwanted oscillations in orientation.
The force and torque signals are measured by the sensor mounted on the shaft of the cobot. which
translates the user intention. The closed-loop system function with elastic properties becomes :
31

s˙ = v cos(θ + α)/(1− ccy)]
y˙ = v sin(θ + α)
θ˙ = v
[








1− ccy [gc sin(θ + α)− (1− α1)kpy cos(θ + α)] + · · ·
+sin(θ + α)
[
cc sin(θ + α)− (1− α1)kvy cos(θ + α)sign
[
v cos(θ + α)
1− ccy
]]
+ · · ·
−α1F⊥ cos
2(θ + α)










−(1− α2)kpθ θ˜ + (gc + gd)
]




1− ccy y[gc cos(θ + α) + (1− α1)kpy sin(θ + α)] + · · ·
+sin(θ + α)
[
cc cos(θ + α) + (1− α1)kvy sin(θ + α)sign
[
v cos(θ + α)
1− ccy
]]}
+ · · ·
−(1− α2)kvθ
[




v cos(θ + α)
1− ccy
]
− α2τ cos(θ + α)1− ccy
}
(4.4.4)
Compared to the CWA, the Scooter cobot uses force/torque as input instead of the joystick orien-
tation. The elasticity was implemented in a similar way than with the CWA and should similarly
fulfill the requirements of section 3.1.
Figure 4.4 is the block diagram of the whole system.
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Figure 4.4. Block diagram of Elastic path controller for Scooter cobot
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Chapter 5
Simulation on Elastic Path Planner
for wheelchair Cobot
5.1 Simulation Environment
A simulation environment was realized in MATLAB to develop and test the elastic path controller.
Figure 5.1 presents the Graphical User Interface (GUI). The controller can be selected from the drop
down list at the top of the panel area. The wheelchair is represented by a rectangle. The top right
panel is where all initial settings for the simulation is controlled:
• Path No. - select between up to ten different paths. If a simulation is currently in progress,
it will be aborted and the new selected path will be redrawn.
• Vehicle Initial Orientation - the wheelchair’s initial orientation is set with respect to the global
frame.
• Vehicle Initial Distance - the initial distance between the guiding path and the wheelchair can
be set here.
• Diagram - to display the relationship between two different parameters. For example, if you
want to know how the orientation of wheelchair is changed w.r.t time, you can choose the
corresponding entry in the dropping list. The function will be plotted during the simulation..
• Show in new window - show the simulation in a separated window with only the animation
displayed.
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• Draw obstacles - to test the elastic path controller, you can add arbitrary obstacles which
represented by filled circles in the central display panel.
Figure 5.1. Graphical User Interface for Cobot Simulator
The center right area displays information regarding the joystick, condition of the vehicle and the
parameters used in the elastic path planner. Wheelchair orientation, Wheelchair position(x,y) and
Wheelchair velocity are explicit. Theta is the angle between the wheelchair’s orientation (globe
frame) and the tangent orientation of the projection of the wheelchair’s reference point (center)
onto the guiding path. Distance between the reference point on the wheelchair and the projection
of the wheelchair’s reference point on the guiding path. Distance travelled tells how much the
wheelchair has moved. Elastic factor and Wheelchair velocity both have relationship with the input
from joystick. Wheelchair velocity is totally decided by the joystick input in the forward direction.
Elastic factor is decided by both the force given by the user normal to the guiding path and how
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far the wheelchair is from the guiding path. It will be zero if no elasticity is used. For more about
elastic factor, please refer to 3.2 and Figure 3.3. Control effort is the price that directs the cobot
towards the guiding path, the further the wheelchair is away from the guiding path, the larger will
be this control effort[10].
The top left area Joystick Input is setting the way F⊥ is computed, either as the local normal or its
projection onto the normal to the guiding path.
The area below Joystick Input supplies functions to compare different settings. Using Record, the
program can record every input from joystick and save them to a file. Play can load the input
data from saved file to repeat joystick’s performance. Compare is used to compare the performance
between different controllers with same settings or same controller with different settings.
The area above the bottom includes entries to control the elasticity of the path controller. In the
wheelchair case, you can set the threshold of the joystick’s normal input which can activate the
elastic mode (Please refer to Figure 5.2 and Table 5.1 for details). Alpha is a factor weighing the
effect between the restoring force and elastic force (See section 3.2). For the Scooter two parameters
weight the relationship between restoring and elastic force/torque. Please refer to section 4.4 for
more information.
Figure 5.2. Joystick Frames and Settings Illustration
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Table 5.1: Table of functionality of joystick mapping
Position X Y Movement condition Elastic Mode or not
a > 0 > 0 forward Yes
b < 0 > 0 forward Yes
c < 0 < 0 backward Yes
d > 0 < 0 backward Yes
e > 0 = 0 stop Yes
f < 0 = 0 stop Yes
g = 0 > 0 forward No
h = 0 < 0 backward No
i = 0 = 0 stop No
The bottom left area include three options: Control front wheel, Control curvature to research how
the scooter performs in the elastic mode if only one control variable was modified to realize the
elasticity. And what is the result when both of two control variables were modified. Modification
of front wheel variable will bring elasticity in parallel movement , while controlling curvature will
bring the Scooter elasticity in rotation.
The bottom right area controls the starting or stopping of the simulation. Pressing the green arrow
button will start a new simulation with the current settings. A new red rectangle button will appear
that aborts the simulation and redraws the previous simulation window with the current settings.
5.1.1 Hardware Settings
We use the LOGITECH WingMan EXTREME Joystick as an input device with basic trim con-
trol as X-axis(left/right) and Y-axis(up/down). The computer has an AMD 1.7GHz Processor,
512MB RAM for Memory, 64MB shared memory Graphics card and the Hard drive with capacity
of 40GB(5400rpm) are running under Microsoft Windows 2000 operating system.
5.2 Simulation results of Guided Mode
A flowchart of the program is shown is Figure 5.3. The simulation results below use the controller
described in section 2.3.2 and 2.4 (Also can refer to the schematic diagram in Figure 3.4), which
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Figure 5.3. Simulation flowchart
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was also used for the experiments presented in next chapter. In the figures below, the direction in
which the cobot is moving is represented by the black arrow, and the joystick in grey.
5.2.1 Performance of Collaborative Wheelchair Assistant
Figure 5.4. Wheelchair in guided mode.
Figure 5.4 and 5.5 present the simulation of the wheelchair along a straight line and a sine wave,
respectively. The initial orientation of the guiding path is in both cases θ = 45o. We see that the
path controller is able to track the desired trajectory well.
5.3 Simulation of Elastic Mode
To compare the effect of computing the input to the elastic path controller listed below, we used the
same force profile, the same initial orientation -45 degrees with respect to the global frame and all
start from the guiding path in one of three situations listed below.
• the normal to the guiding path. (Method 1)
• the normal to the cobot direction (Please refer to Figure 3.1). (Method 2)
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Figure 5.5. Guided mode performance with the wheelchair on a sinusoidal wave
Figure 5.6. Elastic mode to avoid an obstacle with the CWA (Filled circle on the path is the obstacle).
40
Figure 5.7. Elastic mode performance on sine wave.
• the normal to the cobot direction projected on the normal to the guiding path (Please refer
to Figure 3.2). (Method 3)
First, we recorded the performance dominated by the second method which tries to deviate and
remain far from the guiding path as the reference inputs for other two methods. In Figure 5.8, the
reference inputs are represented by a series of arrows. We found that the cobot deviates more and
more if the first method is adopted and use the reference inputs as control flows. And the deviation
on the increase happened in first method will be corrected by using third method.
Figures 5.6 and 5.7 demonstrate that the elastic planner enables the user to deform the actual path
in order to avoid obstacles. After passing the obstacle, the user releases the normal input and the
controller tracks the guiding path. In these simulations the user input to the elastic controller is
computed from the second method for F⊥ (Figure 3.2). The experiments presented in next chapter
show that similar properties hold with the Scooter cobot.
One limitation of the simulation is that the vehicle can turn from +40o to −40o in one time step.
In reality the turning rate depends on the moving velocity and on the length of one time step. This
may influence the way users avoid obstacles.
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Figure 5.8. Effect of three different methods of computing the input to the elastic path controller
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A feature that has not been implemented is measurement noise, i.e. perfect positioning was assumed
in the simulation.





The two experiments reported in this chapter were approved by the Institutional Review Board of
Northwestern University, and performed by seven students (mean age 23.5, with standard deviation
3.2) without known motor disability. These subjects were informed about the experiments, and gave
their consent prior to participation.
The first experiment investigated how the operators learned to avoid obstacles using the elastic
path controller. The subjects were asked to follow a straight path and avoid an obstacle in elastic
mode. The result shows that the high frequency content generally decreased with learning. The high
frequency content was evaluated as the integral of the Fourier transform from a cutoff frequency
of 10Hz to the maximum frequency of 50Hz normalized by the full frequency content. A t-test
confirmed a significant difference between the mean value of the first five trials and the last five
trials proportion of high frequency content.
However, this does not prove that users will able to perform well in other (possibly unknown)
guiding paths, nor does it show the strategy used by the operator. To infer this, we designed a second
experiment with paths unknown to the user. The experiment result suggests that the subjects use
a similar strategy independent of the direction. They first push or pull against the guiding path
by a suitable amount to avoid the obstacle. After the obstacle is passed, they release the normal
force and trust the path controller, which leads them to the guiding path. They may be able to feel
the gradient of attraction from the given guiding path which can help them manoeuver the scooter
cobot. In turn, these results with randomly chosen path demonstrate that the users have learned to
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work with the elastic path controller independent of the path.
Subjects were first trained with the cobot to move in a comfortable way in free mode. The training
was completed when the subject could pass through the passage (Figure 6.1C) between two styrofoam
boards easily. This passage is narrower than the maximum diameter of scooter. The training has a
duration of maximally 5 and minimally 3 minutes for the subjects (mean 4 minutes, with standard
deviation 1 minute). The subject was asked to follow a virtual straight line and an eight-shape path
in guided mode (Figure 6.1A and 6.1B). Subjects were asked to push and pull the scooter around
in the training environment and try to feel the guidance provided by the scooter in guided mode.
Figure 6.1. Environment to learn moving Scooter cobot
Figure 6.2. In first experiment, we test how users can avoid an obstacle placed along a straight line
using the elastic path controller.
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Figure 6.3. Frequency contents of Normal force and high-frequency area.
6.1 Learning to avoid an obstacle
6.1.1 Methods
The subjects were then trained to use the elastic mode. To analyze the performance, the subjects
were asked to follow the straight path in elastic mode. A trial was considered as successful when the
subject could avoid the obstacle on the path without hitting it and return to the desired straight
guiding path after (Figure 6.2). The training was completed when no obstacle was hit and the
subject could come back to the desired path in five consecutive trials.
The frequency content was analyzed by computing the Fourier transform and calculating the pro-
portion of the high frequency content. The area below the Fourier transform corresponds to the
frequency content. The ‘high frequency area’ is evaluated as the integral of the Fourier transform
from a cutoff frequency of 10Hz to the maximum frequency of 50Hz, and normalized by the full
frequency content (See Figure 6.3). A t-test was performed to evaluate the decrease between the
ratio of high-frequency content to full frequency content in the first five and last five trials.
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6.1.2 Results and Analysis
Using the straight line is advantageous as the subject can concentrate on handling the cobot and the
force is not influenced by the changing curvature of the guiding path. Also the straight line is the
easiest way to make the subject feel the guidance and elasticity supplied by the elastic path controller.
On average, subjects required 17 trials (minimum 13, maximum 25, with standard deviation 4.24)
in the same environment. The training session took an average of 20 minutes for each subject with a
standard deviation of 5 minutes. Figures 6.4 to 6.7 present the paths and force of two representative
subjects repeating trials to learn avoiding an obstacle. The first few trials generally hit the obstacle,
however the subjects gradually learned to produce suitable force to avoid the obstacle and release the
force after it was passed. The paths and force suggest that distinct subjects have different motion
patterns (but showing this would require systematic analysis).
Table 6.1: Statistics of trials hitting the obstacle.
Subjects Number of Trials Trials hitting the obstacle
Jannie 18 1, 2, 3, 4, 5, 7
Alanna 13 1, 2, 3, 5
Christian 25 1, 2, 3, 4, 6, 8, 10, 14, 16, 20
Alison 15 1, 2, 8
Jeffrey 16 1, 2, 3, 4, 5, 7
Scotty 15 1, 2, 4, 5
Dave 5 φ
Table 6.1 gives a statistics of the trials hitting the obstacle when moving in the elastic mode.
The subjects needed, on average, 8.67 trials (with standard deviation 5.68) before succeeding in five
consecutive trials. The large standard deviation indicates that the subjects require very different
level of learning. One subject on Tuesday, January 25, 2005 at 11:41 pm performed immediately
well in elastic mode and so needed to perform only five trials. The data of this subject will not be
further analyzed as he required no learning.
Observation of the path and force (Figure 6.4 to 6.7) suggests that the first trials are jerky, and
motions become smoother with learning. To investigate this trend, we compute the proportion of
frequency content above 10Hz, as explained in the methods section. Similar results were obtained
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using cut-off frequencies until 16Hz. However using a cut-off of 8Hz or less gave no clear trend. This
is consistent with the fact that small oscillations and tremor during movements occur at about 10Hz
[51]. We observe in Figure 6.8 that the high-frequency content generally decreases with learning.
A t-test confirmed that the difference between mean value of first five trials and last five trials’
proportion of high frequency content (p < 0.0079). The difference is 0.0541 in mean with a standard
deviation of 0.0309 (Figure 6.9).
Figure 6.4. Learning to avoid obstacles using the elastic mode. This subject (Jeffrey) first hit the
obstacle(trajectories not going back to 0) and gradually learned to avoid it successfully.
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Figure 6.5. Normal force of Jeffrey’s trials.
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Figure 6.6. Scotty seems to learn avoiding the obstacle in less trials and more easily than Jeffrey
(compare with Figure 6.4)
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Figure 6.8. High frequency content divided by total frequency content as a function of the trial number
for two typical subjects.
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Figure 6.9. Proportion of high frequency content of first five and last five trials for all subjects.
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6.2 Hidden paths experiment
The first experiment has shown that the users can learn to avoid a fixed obstacle using the elastic
path controller. However, this does not prove that the users will be able to perform well in other
(possibly unknown) guiding paths. To ascertain this, we designed a second experiment with unknown
guiding paths.
Figure 6.10. Environment for the hidden path experiment
6.2.1 Methods
The environment in which the second experiment was performed is drawn in Figure 6.10. The user
is moving on a straight line and instructed to avoid an obstacle, a cylindrical object, from the left
hand side. The path diverges to any of four directions after this object. The direction is selected
randomly, without the help of any (visual) cues. Thus the subject cannot know which virtual path








Figure 6.12. Determination of divergence time using the standard deviation of the y position (as a




Figure 6.13. Force profiles of two typical subjects with force dropping time depicted as ‘+’.
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6.2.2 Data Analysis
First, we consider the standard deviation of all 12 trials of every subject over time, as shown in
Figure 6.12. The dotted line in the figure shows the standard deviation of the distance normal to
the guiding path. The maximum value of the standard deviation gives us a radius, and the time
at which the deviation becomes larger than that radius (before the final divergence) is defined as
divergence time. The x position corresponding to this time is indicated by a vertical bar in the x-y
plot of Fig. 6.14.
For each trajectory, we also consider the force dropping time corresponding to the last extremum
(‘+’ in Figure 6.13). The corresponding 12 dropping points are displayed in the x-y plot (‘+’ in Fig.
6.14) together with their mean position (‘’ in Fig. 6.14).
6.2.3 Results
Figure 6.11 shows the trials paths of the same two subjects as previously. We observe that all the
paths seem to be roughly similar until they diverge to their respective direction.
To further analyze this trend, we computed the difference between the x-position of the divergence
position and the x-position of dropping point. For each subject this yields 12 differences between
the common divergence point and the 12 dropping points corresponding to the trials. Figure 6.15
shows the mean and standard deviation of these 12 differences, for the 7 subjects. Over all subjects,
the difference between the divergence point and the dropping point is significantly larger than 0
(p<0.002).
To analyze whether the subjects behave differently depending on the final direction of the path, we
examined whether the difference between the (x-position of the) divergence point and the dropping
point depends on the final direction. For each subject, we computed, for each of the 4 directions,
the mean difference over the 3 trials in this direction. Fig. 6.16 shows, for each direction, the 7
differences corresponding to the 7 subjects for all 4 directions. The difference appears to be consistent
in all directions. An ANOVA (ANalysis Of VAriance between groups) test confirmed that these
differences yields a similar result independent on the direction, as p-value p=0.9542 between the 4
differences. This means that the strategy used by the subjects did not depend on the final direction
of the desired path.




Figure 6.14. Points of dropping force ’+’ and mean of these points () compared with the divergence
position represented by the dashed bar. Note that the dropping points is generally slightly before the
divergence point and about at the same x-position than the obstacle.
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Figure 6.15. Mean and standard deviation of difference between x-position of the divergence point and
dropping points of the 12 trajectories, for the 7 subjects.
found that the subjects drop the force approximately when they pass the obstacle.
Altogether, these results suggest that the subjects use a similar strategy independent of the direction.
They first deviate a suitable amount to avoid the obstacle. After the obstacle is passed, they
release the normal force and trust the path controller, which leads them to the guiding path. They
may be able to feel the gradient of attraction from the given guiding path. In turn, these results
with randomly chosen path demonstrate that the users have learned working with the elastic path
controller independent on the path.
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Figure 6.16. Differences between the divergence point and the mean x position corresponding to the
dropping time in the four different directions. Each bar corresponds to the difference between the mean
x position of over three trials in one direction and the divergence point, for a given subject.
Figure 6.17. Difference in x-position between the mean dropping point and obstacle, for all subjects.
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Chapter 7
Conclusion and Future Work
This thesis developed an elastic path controller for collaborative robots. This controller combines
the functionalities of path tracking and modification of trajectory, which enables it to compensate
for modifications of the environment such as a new obstacle or error of position sensing. Switching
between these two modalities is realized in a smooth way by the operator, and requires minimal
control.
Such an elastic path controller was derived and tested in simulations on the collaborative wheelchair,
and on an implementation on the Scooter cobot. A psychophysical experiment demonstrated that
users can learn to use this novel tool in order to modify and design guiding paths in a relatively
simple way. Subjects learn to decrease the small oscillations during movement.
This Elastic Path Controller should be implemented and further investigated on the collaborative
wheelchair. Also a further work may investigate the rotational elasticity on the Scooter cobot.
While the results of a second psychophysical experiment suggest that the users may feel the attraction
from the guiding path, which may help them to manoeuver the cobot, we propose developing a
joystick providing feedback of the current condition of the cobot, for example how far it is away
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means the transformation of the point P from frame R to frame T , and
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Expand the function above, we have have the function about s˙ and y˙:


















instead of the time-index t. This new variable has the physical meaning of the distance travelled by














as ( )’, y′ = s′ tan θ[1− cc(y)]
And ∵ s˙ = v cos θ

















































Finally, the kinematics model of unicycle-type vehicle can be expressed as below in term of the




y′ = tan θ(1− ccy)sign(v cos θ1− ccy )
θ′ =
w|1− ccy|
|v cos θ| − ccsign(v
cos θ
1− ccy )
